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SELF-INTERSECTION OF FOLIATED CYCLES ON COMPLEX MANIFOLDS
LUCAS KAUFMANN
ABSTRACT. Let X be a compact Kähler manifold and let T be a foliated cycle directed
by a transversally Lipschitz lamination on X . We prove that the self-intersection of the
cohomology class of T vanishes as long as T does not contain currents of integration
along compact manifolds.
As a consequence we prove that Lipschitz laminations of low codimension in cer-
tain manifolds, e.g. projective spaces, do not carry any foliated cycles except those
given by integration along compact leaves.
1. INTRODUCTION
Let X be a compact complex manifold. An embedded lamination L of dimension q
in X is a compact subset of X given locally by a disjoint union of holomorphic graphs
over a q-dimensional polydisc. These local graphs are called plaques ofL (see section
2.1 for a precise definition). When q = 1 we say that L is a Riemann surface lamina-
tion on X . These objects have been considered by numerous authors and they have
connections to many other branches of Geometry and Dynamics such as complex dy-
namical systems of several variables and foliation theory. For an account of the subject
the reader may consult the surveys [10], [14] and the reference therein.
Given an embedded laminationL of dimension q , a foliated cycle T directed by L is
a positive closed current on X that is locally given by an average of currents of integra-
tion along the plaques with respect to a positive measure µ. We say that T is diffuse
if the measure µ has no atoms. This is equivalent to the fact that T has no mass on
submanifolds of dimension q (see Remark 2.5). Alternatively, a foliated cycle may be
described as a holonomy invariant transversemeasure.
From a geometric point of view it is expected that the self-intersection of a diffuse foli-
ated cycle should be zero. For the homological intersection thiswas proved byHurder–
Mitsumatsu, [15] in the context of (real) foliations of arbitrary dimension and codi-
mension. For complex laminations, the main results concern one-dimensional cycles
on complex surfaces.
The vanishing of the self-intersection indicates that the existence of a foliated cycle is
quite special. As a matter of fact, many laminations carry no foliated cycle at all. For
laminations in P2 this was first noted by Camacho–Lins-Neto–Sad in [4], where they
considered cycles supported by minimal sets of holomorphic foliations. For transver-
sally smooth foliations the result follows from Hurder–Mitsumatsu’s Theorem and for
Lipschitz laminations this is due to Fornæss and Sibony (see [9] and [10]).
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Our main result concerns the self–intersection of diffuse foliated cycles of arbitrary
dimension and codimension on a compact Kähler manifold.
Theorem 1.1. Let X be a compact Kähler manifold of dimension n and let T be a dif-
fuse foliated cycle of dimension q directed by an embedded transversally Lipschitz lami-
nation on X . If {T } ∈ Hn−q,n−q (X ) denotes its cohomology class then {T } ` {T } = 0 in
H2n−2q,2n−2q (X ).
The proof uses a notion of intersection of currents introduced by Dinh and Sibony in
[6], which is denoted by the symbol uprise. Our arguments also show that T uprise T = 0 if
q ≥ n2 , see Section 4.2. This is related to a theorem of Dujardin [8] saying that for a
foliated cycle T defined on an open set of C2, thewedge product T ∧T vanishes as long
as it is well-defined in the usual sense of Pluripotential Theory. Our theorem extends
this result in two ways, firstly it works in any dimension and codimension (as long as
q ≥ n2 ) and secondly, no a priori regularity of T is assumed. Nevertheless we need the
underlying lamination to be transversally Lipschitz and the current T to be globally
defined.
As an application of Theorem 1.1 we can show that laminations of low codimension
on certain Kähler manifolds carry no diffuse foliated cycles (see section 5 for other
examples).
Corollary 1.2. Let L be an embedded transversally Lipschitz lamination of dimension
q ≥ n/2 on Pn . Then there is no diffuse foliated cycle directed by L . In particular, if L
has no compact leaves then there is no foliated cycle directed by L .
The presence of a foliated cycles imposes strong conditions on the dynamics of the
lamination and as noted above their existence is quite rare. Nevertheless, every lami-
nation by Riemann surfaces carries a directed harmonic current, this is a positive ddc−
closed current directed by the leaves of L (see [10] for more details). This was proven
in [13] for foliations, in [1] for continuous laminations with singularities and in [19] in
greater generality. However, there are examples of laminations of dimension two that
do not carry any directed harmonic current, see [11]. We should also notice that the
non-existence of foliated cycles for Riemann surface laminations can be used in some
cases to show that directed harmonic currents are unique. This can be viewed as a type
of unique ergodicity in this setting, see [9], [7] and also [18].
The proof of Theorem 1.1 consists of an application of the theory of densities of pos-
itive closed currents of Dinh and Sibony, [6]. This notion can be used to define the
intersection of positive closed currents in a quite general setting and it seems to be
a well suited tool to deal with intersections of directed currents (see [7] for a recent
application to foliations in P2).
The paper is organized as follows. In Section 2 we set somenotation and state the basic
facts about laminations and foliated cycles. Section 3 is devoted to a brief overview of
the theory of densities. Themain points are the fact that density classes encode the co-
homological intersection (see Proposition 3.6) and that representatives of these classes
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can be computed using local coordinates, see Theorem 3.4. Therefore, Theorem 1.1
can be proved using the local expression of a foliated cycle in a flow box, which is done
in Section 4. Finally, in Section 5 we apply our theorem to some concrete examples.
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2. PRELIMINARIES
2.1. Laminations by complex manifolds. Let Σ be a compact metric space. A lami-
nation L of Σ by complex manifolds of dimension q is an atlas of homeomorphisms
ϕi :Ui → Dq ×Ki , where Dq is the unit disc on Cq and Ki is a topological space such
that the coordinate changes ϕi j =ϕ j ◦ϕ−1i are of the form
(2.1) ϕi j (z, t )= ( fi j (z, t ),γi j (t )),
with fi j holomorphic in the first variable.
We will call such an open set Ui a flow box and the sets Πt = ϕ−1i (D
q × {t }) are called
plaques. A subset L ⊂ Σ is called a leaf of L if it is a minimal connected set with the
property that if Lmeets a plaqueΠ thenΠ⊂ L.
Let now X be a compact complexmanifold. We say thatL is an embedded lamination
on X if Σ ⊂ X , the transversals Ki are contained in Dn−q and the charts ϕ−1i extend to
homeomorphisms between Dq ×Dn−q and an open set of X which are holomorphic in
the first coordinates.
The following lemma shows that, in holomorphic coordinates, the plaques are given
by disjoint graphs of holomorphic functions.
Lemma 2.1. Let L be a lamination of dimension q embedded on X . Then for every
point p in a flow box Ui there is an open set Vi ∋ p and a holomorphic chart ψi : Vi →
D
q ×Dn−q centered at p such that
ψi (Πt )= (z
′,ht (z
′)), z ∈Dq ,
where ht are uniformly bounded holomorphicmapswith values inCn−q depending con-
tinuously in t such that ht (0)= t and h0 ≡ 0.
Sketch of the proof. Let p be a point in a flowboxUi and letϕi :Ui →Dq×Dn−q be a foli-
ated chart centered at p. This is a homeomorphism that restricts to aholomorphicmap
on each plaque Πt = ϕ−1i (D
q × {t }). Choose a holomorphic chart ψi : Vi → Dq ×Dn−q
centered at p such thatψi (Π0) is given by z ′′ = 0, where z = (z ′,z ′′) are the standard co-
ordinates inDq ×Dn−q . The projection on the first coordinateDq ×Dn−q →Dq restricts
to a one–to–one holomorphic map on each ψi (Πt ), so these sets are given by disjoint
holomorphic graphs (z ′, ft (z ′)) varying continuously with t . We can take h0 = f0 ≡ 0
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and ht (z ′)=ψt ( ft (z ′)) for t 6= 0, whereψt is a continuous family of linear isomorphims
of Cn−q mapping ft (0) to t . 
Remark 2.2. The continuity of the ht in t in the above lemma is with respect to theC∞
topology. Notice that, since the ht are holomorphic, this equivalent to the continuity
with respect to the C 0 topology. This can be seen from Cauchy’s formula.
In what follows we will also call an open set Vi as in Lemma 2.1 a flow box.
2.2. Foliated cycles. LetL be a laminationof dimension q embedded on X . A foliated
cycle directed by L is a positive closed current T on X of bi-dimension (q,q) which in
a flow box ϕi :Ui →Dq ×Ki is given by
T =
∫
Ki
[Dq × {t }]dµi (t ),
where [Dq × {t }] denotes the current of integration along Dq × {t } and µi is a positive
measure on Ki . More precisely, if α is a differential (q,q)−form with compact support
inUi , then
〈T,α〉 =
∫
Ki
(∫
Dq×{t}
(ϕi )∗α
)
dµi (t ).
The fact that the above expressions glue together to give a globally defined current
corresponds to the invariance relation
µi (E )=µ j (γi j (E )) for every Borel set E ⊂Ki ,
where γi j :Ki →K j are as in (2.1). This gives a correspondence between foliated cycles
and transverse invariant measures. We will say that T is diffuse if in every flow box the
correspondingmeasure µi is diffuse (i.e. does not charge points).
Remark 2.3. A current T as above is sometimes called strongly directed or uniformly
laminar. There is also a notion of weakly directed current (cf. [10], Definition 6). These
notions coincide for foliations due to a classical result of Sullivan, [20]. In [12] the au-
thors show that every weakly directed current is a foliated cycle when n = 2. They also
give a counter-example in dimension 3.
Example 2.4. Suppose that L has a compact leaf L. Then the current of integration
along L is a foliated cycle directed byL . The transversemeasures in this case are Dirac
masses.
Remark 2.5. Conversely, we can show that if in some flow box the transverse mea-
sure of a foliated cycle T contains an atom then T “contains” the current of integration
along a compact leaf L of L , that is, T = T ′+ c[L] where T ′ is a foliated cycle directed
by L and c > 0 is a constant. In particular, if a lamination L has no compact leaves
then any foliated cycle directed by L is diffuse.
Example 2.6 (Ahlfors’ currents). Suppose thatL is a lamination by Riemann surfaces,
that is q = 1. If L admits a parabolic leaf L (i.e., a leaf uniformized by the complex
plane) then the uniformizingmap φ :C→ L gives rise to foliated cycles directed by L .
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More precisely, let ar be the area of φ(Dr ) and ℓr be the length of φ(∂Dr ). If rn is a
sequence tending to infinity such that limrn→+∞
ℓrn
arn
= 0, then the normalized currents
of integrationalongφ(Drn ) converge to a closed positive current directed byL . Ahlfors
showed that such sequences always exist. We can also produce foliated cycles using
different notions of parabolicity (see Remark 5.6).
3. DENSITY OF POSITIVE CLOSED CURRENTS
We review in this section the basic facts of the theory of densities of positive closed
currents introduced by T.–C.Dinh andN. Sibony. This will be themain tool in the proof
of Theorem 1.1. We refer to [6] for the complete exposition.
3.1. Tangent currents. Let T be a positive closed current of bi–degree (p,p) defined in
a neighborhood of the origin in Cn . The Lelong number of T at 0 is defined by
ν(T,0)= lim
r→0
‖T ‖B(0,r )
(2π)n−p r 2n−2p
,
where ‖T ‖ = T ∧βn−p is the trace measure with respect to the standard Kähler form β
on Cn .
The Lelong number can be characterized by the following geometric construction. Let
Aλ : Cn → Cn be defined by Aλ(z) = λz for λ ∈ C∗. Then the family of currents Tλ =
(Aλ)∗T , |λ| ≥ 1 is relatively compact and any limit current S is defined in all of Cn . We
can view S as a current inPn by considering its trivial extension through the hyperplane
at infinity.
Lemma 3.1. The class of S in H2p (Pn ,C) is equal to ν(T,0) times the class of a linear
subspace of dimension n−p.
Now let T be a positive closed (p,p)−current defined on a compact Kähler manifold X
and letV ⊂ X be a compact complex submanifold. Denote byE the normal bundle toV
in X and E its canonical compactification, defined as E =P(E ⊕C). The multiplication
by λ ∈ C∗ along the fibers defines an endomorphism Aλ : E → E that extends trivially
to E .
Inspired by the above discussion we may want to define a tangent of T along V as a
limit of T under the dilations Aλ. The main problem is that we cannot transport T to
a current in E in a holomorphic way. Nevertheless, there are maps τ from a neighbor-
hood of V in X and a neighborhood of the zero section in E that are diffeomorphisms
and whose differential at V is the identity in the normal direction (see [6], Definition
2.14). These maps are called admissible and they suffice to define tangent currents.
Theorem 3.2 (Existence of tangent currents, [6] Thm 1.1). Let X ,V ,T ,E ,E, Aλ and τ be
as above. Then the family of currents Tλ = (Aλ)∗τ∗T on E is relatively compact. If S is
any of its cluster values, viewed as a positive closed current in E extended by zero to E,
then its cohomology class in H2p (E ,C) is independent of the choice of τ and S.
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Definition 3.3. A current S onE as in Theorem3.2 is called a tangent current toT along
V . The class {S} ∈H2p (E ,C), which is independent of S, is called the total tangent class
of T alongV and it is denoted by κV (T ).
3.1.1. Local computation of tangent currents. An important feature of the notion of
tangent currents is that they can be computed using local coordinates (even though
the current T must be globally defined). This property will be crucial in the proof of
Theorem 1.1.
Let V ⊂ X as above and denote ℓ= dimV and n = dimX . Let V0 be a small open set of
V andU0 a small neighborhood of V0 in X . We may assume thatU0 is biholomorphic
toDn =Dℓ×Dn−ℓ via local holomorphic coordinates x = (x′,x′′) in whichV0 is given by
{x′′ = 0}. In these coordinates the normal bundle E to V0 is holomorphically identified
with the trivial Cn−ℓ− bundle over Dℓ and V0 is identified with its zero section.
Denote by τ :U0 → Dℓ×Dn−ℓ the above holomorphic chart. Let Aλ(x
′,x′′) = (x′,λx′′),
λ ∈C∗ be themultiplication along the fibers of E and define
Tλ = τ
∗ (Aλ)∗τ∗T.
The following result follows from [6], Proposition 4.4.
Theorem 3.4 (Local computation). The family {Tλ, |λ| ≥ 1} is relatively compact. More-
over, if (λn) is a sequence converging to infinity such that Tλn → S, then S is a positive
closed (p,p)−current on E |V0 independent of the choice of the local chart τ as above.
3.2. Density classes and intersection product. Let X be a compact Kähler manifold
of dimension n. Given two positive closed currents T1 and T2 of bi–degrees (pi ,pi ),
i = 1,2 on X we will define the density of the pair (T1,T2). When T2 is the current
of integration along a submanifold V we recover above the notion of tangent current
alongV .
Let T = T1⊗T2 be the product current on X × X . Notice that T is of bi-degree (p,p),
where p = p1+p2. Denote by ∆ ⊂ X × X the diagonal. Let E be the normal bundle to
∆ in X ×X . It is a rank n vector bundle and, under the natural isomorphism ∆≃ X , E
identifies with the tangent bundle of X .
Definition 3.5. A tangent current to T along ∆ is called a density current associated
withT1,T2. The tangent classκ(T1,T2) := κ∆(T) is called the total density class ofT1,T2.
These ideas can be further developed and culminate in the definition of an intersec-
tion product of T1 and T2 which is compatible with the cohomological cup product
and coincides with classical notions of intersection. The interested readermay consult
Section 5 in [6]. We state here only a particular case that we will use.
Proposition 3.6. Suppose that p1+p2 ≤ n. If the total density class κ(T1,T2) vanishes
then {T1}` {T2}= 0 in H2n−2p1−2p2 (X ,C).
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4. PROOF OF THE MAIN THEOREM
This section is devoted to the proof of Theorem 1.1. By Theorem 3.4 we will be able to
deduce the global result from a computation using local coordinates, so we begin by
considering the local case.
4.1. Local result. Let L be a Lipschitz lamination of dimension q embedded on a
compact Kähler manifold X of dimension n. From Lemma 2.1 we can choose holo-
morphic coordinates x = (x′,x′′) in a flow box B ≃Dq×Dn−q in which the plaques ofL
in B are given by
La = {x
′′
= ha(x
′)},
for some uniformly bounded holomorphic functions ha : Dq → Dn−q depending con-
tinuously on a = ha(0) and h0 ≡ 0.
Let T be a diffuse foliated cycle of dimension q on X directed by L . In the flow box B ,
T is given by
T =
∫
[La]dµ(a),
where [La] denotes the current of integration along La and µ is a diffuse positivemea-
sure on Dn−q .
Let L ×L denote the self-product lamination on X ×X . The coordinates on the flow
box B induce natural holomorphic coordinates (x, y) on B ×B in which the plaques of
L ×L are given by
La,b := La ×Lb = {x
′′
= ha(x
′), y ′′ = ha(y
′)}.
The product T := T ⊗T is a foliated cycle of dimension 2q on X ×X directed byL ×L
which is given, on B ×B , by
T=
∫
[La,b]dM(a,b), whereM=µ⊗µ.
We will need the following simple result. It can be proven, for instance, using Fubini’s
Theorem.
Lemma 4.1. Let µ be a finite measure on a separable Borel space X . If µ has no atoms
thenM=µ⊗µ gives nomass to the diagonal ∆⊂X ×X .
Since we are interested in computing the tangent currents of T along the diagonal ∆=
{x = y} it is convenient to work in new holomorphic coordinates given by
(z,w)= (x, y −x)
and new parameters given by α= (α1,α2), where α1 = a and α2 = b−a.
Write z = (z ′,z ′′) with z ′ ∈ Cq and z ′′ ∈ Cn−q and similarly w = (w ′,w ′′). In this new
coordinate system the diagonal is given by ∆= {w = 0} and La,b transforms to
Γα =
{
(z ′, fα(z
′,w ′),w ′,gα(z
′,w ′))
}
,
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where fα(z ′,w ′)= hα1(z
′) and gα(z ′,w ′)= hα1+α2(z
′+w ′)−hα1(z
′)). Notice that fα(0,w ′)=
α1 and gα(0,0)=α2.
The expression of T becomes
T=
∫
[Γα]dM(α).
We will need the following properties of fα, gα andM:
(1) The parameter α ∈D2n−2q is determined by α= ( fα(0,0),gα(0,0)),
(2) ( fα,gα) depends on α on a bi-Lipschitz way,
(3) fα depends only on α1,
(4) If α2 = 0 then gα(z ′,0)≡ 0 and if α2 6= 0 then gα(z ′,0) 6= 0 for every z ′ ∈Dq .
(5) ThemeasureM gives nomass to the set {α2 = 0}, see Lemma 4.1.
Remark 4.2. (a) Property (2) means that for every 0 < ρ < 1 there is a constant c =
c(ρ)> 0 such that
(4.1) c−1‖α−β‖ ≤max{‖ fα(z
′,w ′)− fβ(z
′,w ′)‖,‖gα(z
′,w ′)− gβ(z
′,w ′)‖}≤ c ‖α−β‖,
for every (z ′,w ′) such that ‖z ′‖,‖w ′‖ ≤ ρ.
(b) From Cauchy formula, we have analogous upper bounds for the derivatives of fα
and gα of any order.
(c) Property (4) corresponds to the geometric fact that the plaques La,b with a 6= b
don’t intersect the diagonal and the plaques La,a intersect the diagonal along a q-
dimensional manifold.
Let Aλ(z,w)= (z,λw) be the dilation in the direction normal to ∆ and set
Tλ = (Aλ)∗T, for |λ| ≥ 1.
Themain result in this section is the following.
Proposition 4.3. LetL , Γα, T and Tλ be as above. Then
lim
|λ|→∞
Tλ = 0
in a neighborhood of the origin.
The proof will follow from the following basic estimates.
Lemma 4.4. Fix 0 < ρ < 1. There are constants c1,c2,c3 > 0 such that the following
estimates hold for every (z ′,w ′) such that ‖z ′‖,‖w ′‖ ≤ ρ
(4.2) c1 · (‖α2‖−c2 ‖α‖‖w
′
‖)≤ ‖gα(z
′,w ′)‖ ≤ c3 · (‖α2‖+‖α‖‖w
′
‖).
Proof. From Property (4) and the Lipschitz condition (4.1) we get
‖gα(z
′,0)‖ = ‖gα1,α2(z
′,0)‖= ‖gα1,α2(z
′,0)− gα1,0(z
′,0)‖ ≤ c‖α2‖.
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From Remark 4.2–(b) we have that ‖Dgα(z ′,w ′)‖ ≤ k‖α‖ for ‖z ′‖,‖w ′‖ ≤ ρ and some
constant k > 0, so by the mean value theoremwe get
‖gα(z
′,w ′)− gα(z
′,0)‖≤ k ‖α‖‖w ′‖.
Combining these two inequalities gives
‖gα(z
′,w ′)‖ ≤ c3(‖α2‖+‖α‖‖w
′
‖)
for some constant c3 > 0.
To prove the left inequality in (4.2) we use Property (3) and the estimate (4.1). We get
‖gα(z
′,0)‖= ‖gα1,α2(z
′,0)‖ = ‖gα1,α2(z
′,0)− gα1,0(z
′,0)‖
=max
{
‖gα1,α2(z
′,0)− gα1,0(z
′,0)‖,‖ fα1,α2(z
′,0)− fα1,0(z
′,0)‖
}
≥ c−1‖α2‖.
Using again the fact that ‖Dgα(z ′,w ′)‖ ≤ k‖α‖ for ‖z ′‖,‖w ′‖ ≤ ρ and the mean value
theoremwe get
‖gα(z
′,w ′)‖ ≥ c1 · (‖α2‖−c2 ‖α‖‖w
′
‖),
for some constants c1,c2 > 0. This completes the proof of the Lemma. 
We will also need the following standard result, saying that the volume of a bounded
family of graphs is uniformly bounded. We first recall some basic facts.
Let M be a complex manifold equipped with a hermitian metric ω. If Y is a com-
plex submanifold of dimensionm of M then the metric ω induces a metric on Y . By
Wirtinger’s Theorem the corresponding volume form on Y is 1m!ω
m . This means that
the 2m-dimensonal volumeofY over a Borel setK , denoted by vol2m(A∩K ), is given by
1
m!
∫
A∩K ω
m . This quantity is equal to 1m! times the mass of the trace measure [A]∧ω
m
over K .
Lemma 4.5. LetΩ be a domain in Cm , F be a family of holomorphic maps f :Ω→CN
and denote by Γ f ⊂ C
m+N the graph of f . Suppose that there exists an M > 0 such that
‖ f (z)‖ ≤ M for every z ∈ Ω and every f ∈ F . Then for every compact K ⊂ Ω there is a
constant C > 0 such that
vol2m(Γ f ∩ (K ×C
N ))≤C for every f ∈F ,
where the volume is computed with respect to the standard Hermitian metric on Cm+N .
Proof. Let ω =
∑m+N
i=1 dzi ∧dzi be standard Hermitian form on C
m+N . For each f ∈F
consider the parametrizationφ f :Ω→ Γ f ,φ f (x)= (x, f (x)). FromWirtinger’s Theorem
we get that
vol2m(Γ f ∩ (K ×C
N ))=
1
m!
∫
Γ f ∩(K×CN )
ωm =
1
m!
∫
K
φ∗f ω
m .
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Since the functions f are uniformly bounded it follows from Cauchy’s estimates that
the first derivatives of f are uniformly bounded over K . This implies that the coef-
ficients of the (m,m)−form φ∗f ω
m are bounded in K , uniformly in f . This gives the
result. 
To prove Proposition 4.3 we will look at the action of the dilation Aλ on each plaque
[Γα] and consider the complementary cases when ‖α2‖ ≤
1
|λ| and when ‖α2‖ >
1
|λ| .
Lemma 4.6. The family of currents F = {(Aλ)∗[Γα] : |λ| ≥ 1,‖α2‖ ≤
1
|λ|
} is relatively
compact. In other words the mass of (Aλ)∗[Γα] on a compact set is bounded uniformly
in (λ,α)when ‖α2‖ ≤
1
|λ|
.
Proof. We will consider only the pairs (λ,α) satisfying ‖α2‖ ≤ |λ|−1. Recall that the
para–meters α vary on a bounded set. The support Γλα of (Aλ)∗[Γα] is a graph over
the (z ′,w ′) coordinates given by
(4.3) Γλα =
{
(z ′, fα(z
′,λ−1w ′),w ′,λgα(z
′,λ−1w ′))
}
, ‖z ′‖ < 1, ‖w ′‖ < |λ|
and themass of (Aλ)∗[Γα] over a compact set K is (2q)! times the 4q-dimensional vol-
ume of Γλα∩K .
We claim that, for a fixed 0 < ρ < 1, the above graphs are uniformly bounded over the
set ‖z ′‖,‖w ′‖ ≤ ρ. Indeed, the functions fα(z ′,λ−1w ′) are bounded uniformly in α and
λ, and Lemma 4.4 gives
‖λgα(z
′,λ−1w ′)‖ ≤ |λ|c3 · (‖α2‖+‖α‖|λ|
−1
‖w ′‖)= c3 · (|λ|‖α2‖+‖α‖‖w
′
‖)≤ c ′3(1+ρ)
for ‖z ′‖,‖w ′‖ ≤ ρ, since we are assuming ‖α2‖≤ |λ|−1.
It follows fromLemma 4.5 that the 2q-dimensional volumes of the Γλα are locally boun–
ded, uniformly in (λ,α) when ‖α2‖ ≤
1
|λ| . 
Lemma 4.7. There exists a compact neighborhood of the origin K such that (Aλ)∗[Γα]
has nomass on K for every pair (λ,α) such that ‖α2‖ >
1
|λ|
.
Proof. The left inequality in (4.2) together with the assumption that ‖α2‖> |λ|−1 gives
‖λgα(z
′,λ−1w ′)‖ ≥ c1 |λ| · (‖α2‖−c2 |λ|
−1
‖α‖‖w ′‖)≥ c1−k‖w
′
‖,
for some constant k > 0.
Hence, if ‖w ′‖ ≤ c13k then ‖λgα(z
′,λ−1w ′)‖ > c12 , meaning that the supportΓ
λ
αof (Aλ)∗[Γα]
(see (4.3)) lies outside the compact set
K =
{
‖z ′‖ ≤
1
2
,‖w ′‖ ≤
c1
3k
,‖z ′′‖≤
1
2
,‖w ′′‖≤
c1
2
}
.
The lemma follows. 
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Proof of Proposition 4.3. Dividing the integral defining Tλ in two parts we get
Tλ =
∫
(Aλ)∗[Γα]dM(α)=
∫
{
‖α2‖≤
1
|λ|
}(Aλ)∗[Γα]dM(α)+
∫
{
‖α2‖>
1
|λ|
}(Aλ)∗[Γα]dM(α)
=T′λ+T
′′
λ.
Take a compact neighborhood of the origin K as in Lemma 4.7, so that T′′
λ
is zero on
K for every λ. It follows from Lemma 4.6 that there is a constant M > 0, independent
of λ, such that the mass of T′
λ
over K is bounded by M times M({‖α2‖ < |λ|−1}). The
fact thatM gives no mass to the set {α2 = 0} shows that T′λ→ 0 on K as |λ| →∞. The
proposition follows. 
4.2. Global result. The local computations of the last section allow us to prove our
main theorem.
Proof of Theorem 1.1. Notice first that if q < n2 then 2n−2q > n, so H
2n−2q,2n−2q (X )= 0
for dimensional reasons. Therefore the product {T }` {T } is trivially zero in this case.
We may assume then that q ≥ n2 . According to Proposition 3.6 it suffices to show that
the total density class κ(T,T ) vanishes.
Let S be a tangent current to T along∆. IfU is a small open set intersecting the support
of T and contained in a flow box B ×B ⊂ X ×X we can choose coordinates (z,w) inU
as in Section 4.1, so that ∆ is given by {w = 0}. From Theorem 3.4 we can compute the
restriction of S toU as the limit
S= lim
λn→∞
Tλn ,
where Aλ(z,w)= (z,λw), Tλ = (Aλ)∗T and λn →∞.
From Proposition 4.3 we have that lim|λ|→∞Tλ = 0, so any tangent current to T along
∆ vanishes on U . Since U is arbitrary we conclude that the zero current is the only
tangent current to T along ∆. Therefore the tangent class κ∆(T) = κ(T,T ) is zero, con-
cluding the proof. 
Remark 4.8. For q ≥ n2 , the vanishing of the class κ(T,T ) implies that T upriseT = 0, where
the wedge product is in the sense of Dinh–Sibony (see [6], Section 5).
5. APPLICATIONS
We give in this section some consequences of Theorem 1.1.
5.1. Foliated cycles on projective spaces and othermanifolds. Recall that for a com-
pact Kähler manifold X , the Hodge Decomposition Theorem says that the de Rham
cohomology groups of X decompose as Hk (X ,C)=
⊕
p+q=k H
p,q (X ), where Hp,q (X ) is
the set of classes that can be represented by a closed (p,q)−form (see [21]). The num-
bers hp,q(X ) = dimHp,q (X ) are called the Hodge numbers of X . For 1 ≤ p ≤ dimX the
space Hp,p (X ) is never zero since it contains the class of the p−th power of a Kähler
form.
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Theorem5.1. Let X be a compact Kählermanifold of dimension n and letL be an em-
bedded Lipschitz lamination on X of dimension q ≥ n/2. Suppose that hn−q,n−q (X )= 1.
Then there is no diffuse foliated cycle directed by L .
Proof. Fix a Kähler form ω in X . Let T be a diffused foliated cycle of dimension q di-
rected by L . From Theorem 1.1 we have that {T }` {T } = 0. On the other hand, since
hn−q,n−q (X ) = 1 the class {T } ∈ Hn−q,n−q (X ) equals to c{ωn−q } for some c > 0. In par-
ticular {T }` {T }= c2{ω2n−2q } 6= 0, a contradiction. 
Corollary 5.2. Let X be a compact Kähler manifold with b2(X ) = 1. Then there is no
diffuse foliated cycle on X directed by a Lipschitz lamination of codimension 1.
From the fact that hp,p(Pn)= 1 for every p we get
Corollary 5.3. LetL be an embeddedLipschitz lamination of dimension q ≥ n/2 onPn .
Then there is no diffuse foliated cycle directed by L . In particular, if L has no compact
leaf then there is no foliated cycle directed by L .
The above result is proven in [9] for n = 2 and q = 1. In their proof, a crucial ingredient
is the fact that P2 is homogeneous under the action of its automorphism group. This
is used in order to regularize the foliated cycle. Our approach allows us to bypass this
difficulty.
Inwhat follows a Riemann surface is called parabolic if it is uniformized by the complex
plane and hyperbolic if it is uniformized by the the unit disc. The following corollary is
consequence of the Ahflors’ construction (Example 2.6).
Corollary 5.4. Let X be a Kähler surface with h1,1(X )= 1. Let L be an embedded Lips-
chitz lamination by Riemann surfaces on X without compact leaves. Then all the leaves
of L are hyperbolic.
Corollary 5.5. Let X be a Kähler surface with h1,1(X ) = 1. Let F be a (singular) holo-
morphic foliation of X without compact leaves. If F admits a parabolic leaf L then L
intersects the singular set of F .
Proof. Suppose that there is a parabolic leaf L whose closure does notmeet the singular
set of F . In this case, the foliation F restricts to a non-singular lamination L in a
neighborhood of L and the Ahlfors’ construction (Example 2.6) gives a foliated cycle
directed byL , which is impossible in view of Corollary 5.4. 
The above results hold in particular when X is the complex projective plane. In this
case, the condition of having no compact leaves is generic, see [16].
Remark 5.6. Some authors consider different notions of parabolicity and use them to
produce d−closed and ddc–closed currents in the same spirit as Ahlfors (see [3], [5] and
[17]). We can also apply the above results to these types of parabolic leaves.
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5.2. Foliated cycles on complex tori. Let X be a complex torus. A lamination on X is
called linear if it is given by a union of leaves of a linear foliation on X .
Remark 5.7. Let L be a lamination of dimension q on a complex manifold X that
extends to a holomorphic foliationF on X . Then the foliated cycles directed by L are
precisely the positive closed (n − q,n− q)−currents T whose support is contained in
the support of L and satisfy T ∧γi = 0, where γi are local holomorphic (1,0)−forms
whose kernel defines F .
Proposition 5.8. Let X be a complex torus and let L be a Lipschitz lamination of codi-
mension one embedded on X . Then there is a foliated cycle directed by L if and only if
L is linear.
Proof. Suppose that L is linear. In particular, every leaf of L is the image of an affine
hyperplane H ≃ Cn−1 by the canonical projection π : Cn → X . A result of de Thélin [5]
allows us to construct a positive closed currentT of bi-dimension (n−1,n−1) as a limit
of normalized currents of integration alongπ(Drn ), whereDr is an (n−1)−dimensional
disc of radius r in H and rn is a sequence tending to infinity. By construction, the
current T is a foliated cycle directed byL .
Let us prove the converse. Recall that, using Hodge theory, we can see that the coho-
mology ring H•(X ,C) is isomorphic to the exterior algebra
∧•(Cn)∗. Under this iden-
tification, a positive (1,1)−class c has vanishing square if and only if it has the from
c= iγ∧γ for some linear form γ of type (1,0).
Let L be a Lipschitz lamination of codimension one on X and let T be a foliated cycle
directed by L . Denote by c the class of T . By Theorem 1.1 we have c2 = 0, so by the
above remark c = iγ∧γ for some (1,0)-vector γ. We claim that T is directed by the
linear foliation defined by γ. Indeed we have
0= {T }2 = {T }` iγ∧γ= {T ∧ iγ∧γ},
and since T ∧ iγ∧γ is a positive current, it must be zero. It is not hard to show from
this fact that T ∧γ= 0, so T is directed by the linear foliation defined by kerγ. 
Foliated cycles on Hirzebruch surfaces. We now apply Theorem 1.1 to describe the
foliation cycles on a Hirzebruch surface. Let us first recall some facts about currents
on projective bundles. We refer to [6], Section 3 for more details.
Let V be a Kähler manifold of dimension ℓ with Kähler form ωV and let E be a rank r
holomorphic vector bundle over V . The projectivization of E , denoted by P(E ), is the
P
r−1−bundle over V whose fiber over x ∈V is the projectivization of Ex .
Definition 5.9. Let S be a non-zero positive (p,p)−current on P(E ). The horizontal
dimension (or h−dimension for short) of S is the largest integer j such that S∧ω jV 6= 0.
When this dimension is 0 we say that S is vertical.
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Given a cohomology class c∈H2p (P(E ),C) we can apply the Leray-Hisrch Theoremand
get a decomposition
c=
min(ℓ,ℓ+r−1−p)∑
j=max(0,ℓ−p)
π∗(κ j (c))` h
j−ℓ+p
P(E) ,
where κ j (c) is a class in H2ℓ−2 j (V ,C) and hP(E) ∈H2(P(E ),C) is the tautological class of
the associated OP(E)(1)−bundle over P(E ).
When P(E ) = P(NV ⊕C) = NV is the compactification of the normal bundle to V and
c= κV (T ) is the total tangent class to T along V (see Definition 3.3) the above classes
are denoted by κVj (T ).
Recall that a cohomology class is pseudo-effective if it contains a positive closed cur-
rent.
Lemma 5.10 ([6], Lemma 3.8). Let S be a (p,p)−current on P(E ). If s denotes the h−
dimension of S then κs({S}) ∈H2ℓ−2s (V ,C) is pseudo-effective.
Lemma 5.11. Let X be a compact Kähler surface, V ⊂ X be a smooth curve and T be
a (1,1)− current without mass on V . If S is a tangent current to T along V then the
h-dimension of S in NV is zero. In particular κV0 (T ) is pseudo-effective.
Proof. Wehave to show that S∧π∗ωV = 0, whereωV is a Kähler form inV . We canwork
locally. Choose coordinates (z,w) with values in the unit bi-disc in which V is given by
{w = 0} and NV →V identifies with the trivial bundle. We can takeωV = idz∧dz.
In these coordinates S = limλn→∞Tλn , where Tλ = (Aλ)∗T and Aλ(z,w) = (z,λw). Let
0 < ρ < 1. Since idz ∧dz is invariant under Aλ, the mass of Tλ∧ idz ∧dz over D(ρ) is
given by∫
D(ρ)
Tλ∧ idz∧dz =
∫
D(ρ)
(Aλ)∗(T ∧ idz∧dz)=
∫
D(ρ,λ−1ρ)
T ∧ idz∧dz ≤ ‖T ‖D(ρ,λ−1ρ).
Makingλ→∞ andusing the fact thatT has nomass onV gives lim|λ|→∞Tλ∧idz∧dz =
0. By semicontinuity S ∧ idz ∧dz = 0, proving the first part of the Lemma. The last
statement follows from Lemma 5.11. 
Corollary 5.12. Let X , T and V be as above. Then {T }` {V }≥ 0.
Proof. It follows from the results in Section 5 of [6] that the class {T }` {V } ∈H4(X ,C) is
the canonical image of κV0 (T ) ∈H
2(V ,C) in H4(X ,C). So by the above lemma {T }` {V }
is a pseudo-effective class in H4(X ,C) ≃ C, hence it is given by a positive real number.

Recall the the Hirzebruch surface Σn , n ≥ 0 is defined by
Σn =P(OP1⊕OP1(−n)),
where OP1 denotes the trivial line bundle over P
1 andOP1(−n) is the n
th exterior power
of the tautological line bundle on P1.
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Every compact complex surface that is a P1−bundle over P1 is isomorphic to Σn for
somen ≥ 0. The surfaceΣ0 is equal toP1×P1 andΣ1 is isomorphic to the the projective
plane blown-up at a point.
Proposition 5.13. Let L be a Lipschitz lamination by Riemann surfaces embedded in
Σn , n 6= 0. Then every diffuse foliated cycle T directed by L is given by T = π∗ν for some
diffusemeasure onP1. In particular, the laminationL is a union of fibers ofπ :Σn →P1.
Proof. The groupH2(Σn ,C) is generated by F andC , where F is the class of a fiber and
C is the class of the section at infinity. Their intersections are given by
F 2 = 0, F `C = 1 and C 2 =−n.
If ν is any probabilty measure on P1 then the class of the current π∗ν is equal to F . In
particular, if ωFS denotes the Fubini-Study form on P1 then {π∗ωFS}= F .
Let T be a diffuse foliated cycle directed by L and denote by c its class on H2(Σn ,C).
Write c= aF +bC for some a,b ∈ R. Notice that, from Corollary 5.12, we have b =C `
F ≥ 0. From Theorem 1.1 we have
0= c2 = 2ab−b2n = b (2a−bn).
Assume that b 6= 0, then 2a = bn and
c`C =
(
bn
2
F +bC
)
`C =
bn
2
−bn =−
bn
2
< 0,
which contradicts Corollary 5.12. Therefore we must have b = 0 and c= aF .
We claim that T ∧π∗ωFS = 0. Indeed, as noted above the class of π∗ωFS equals to F , so
the class the positive current T ∧π∗ωFS is c` F = aF 2 = 0. The claim follows from the
fact that the class of a positive closed current S is zero if and only if S = 0.
The fact that T ∧π∗ωFS = 0 means that the current T is vertical, i.e. its h−dimension is
zero. It follows that T is given by an average of currents of integration along the fibers
of π (see [6], Lemma 3.3 ), that is, T =π∗ν for somemeasure on P1. 
The above result shows in particular that a Lipschitz lamination on Σn without com-
pact leaves carries no directed positive closed current. It is worth mentioning that
every non-singular holomorphic foliation globally defined on Σn is given by the ca-
nonical fibration (see [2], p. 37).
For n = 0 we have that Σ0 = P1×P1. Arguing as above we can show that the only dif-
fuse foliated cycles are given by T = π∗1ν or T = π
∗
2ν for some diffuse positive measure
ν on P1, where πi denote the projection on each factor. A similar result was obtained
by Perez-Garrandes in [18], where he also showed that for a Lipschitz lamination in
P
1 × P1 the absence of foliated cycles implies the existence of a unique directed har-
monic current of mass one.
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